Kinetics of phase separation and coarsening in dilute surfactant pentaethylene glycol monododecyl ether solutions J. Chem. Phys. 135, 234503 (2011) Transient cage formation around hot gold colloids dispersed in polymer solutions J. Chem. Phys. 135, 224905 (2011) Dynamics of colloidal particles in ice J. Chem. Phys. 135, 224706 (2011) Effect of shell thickness on two-photon absorption and refraction of colloidal CdSe/CdS core/shell nanocrystals Appl. Phys. Lett. 99, 231903 (2011) Measuring the ordering of closely packed particles Appl. Phys. Lett. 99, 221910 (2011) Additional information on J. Chem. Phys. Recently, a density functional theory for hard particles with shape anisotropy was developed, the extended deconvolution fundamental measure theory (edFMT). We apply edFMT to hard dumbbells, arguably the simplest non-convex shape and readily available experimentally in the form of colloids. We obtain good agreement between edFMT and Monte Carlo simulations for fluids of dumbbells in a slit and for the same system under gravity. This indicates that edFMT can be successfully applied to nearly all colloidal shapes, not just for the convex shapes for which edFMT was originally derived. A theory, such as edFMT, that allows a fast and general way of mapping the phase behavior of anisotropic colloids, can act as a useful guide for the design of colloidal shapes for various applications.
I. INTRODUCTION
Density functional theory (DFT) (Refs. 1 and 2) is naturally applicable whenever the density profile is inhomogeneous, such as under applied external fields 1, 3, 4 and in the case of bulk freezing. [5] [6] [7] Hard spheres represent a classical and quite tractable system to which density functional theory has been applied in many studies. One of the most successful versions of DFT for hard spheres is fundamental measure theory (FMT), which is based on the fundamental measures of a sphere, its radius, area and volume. 8 A version of FMT derived from the 0-dimensional limit 9, 10 has proven to be very successful in predicting the properties of the crystal. 6 This FMT has been further modified to yield the excellent Carnahan-Starling equation of state 11 for the homogeneous fluid, and the resulting FMT predicts the hard sphere freezing transition very accurately. 12, 13 Simultaneously, the interest in liquid crystals has been a motivation to apply DFT to anisotropic particles, for instance, hard spherocylinders, idealized rod-like molecules. The isotropic-smectic and nematic-smectic phase transitions of these rods were determined using a weighted density version of DFT for anisotropic particles 14, 15 and showed reasonable agreement with the essentially exact simulations results of Ref. 16 . However, the construction of the free energy functional of this theory is ad hoc and we would like to use a functional based solely on the geometry of the particles. Such density functional theories have been constructed for specific shapes with zero volume, namely infinitely thin rods 17 and disks. 18 Rosenfeld extended his version of FMT for spheres to general anisotropic particle shapes. 19 However, this version did not predict a stable nematic phase for any particle-shape. This deficiency was repaired recently by Hansen-Goos and Mecke, 3, 4 who derived the so-called extended deconvolution FMT (edFMT) from the low-density limit in a more prea) Electronic mail: hlowen@thphy.uni-duesseldorf.de. cise manner. The resulting isotropic-nematic transition shows excellent agreement with simulations. 4, 20 In another recent study, the theory has been applied to fluids of spherocylinders under the influence of an external field that couples to the orientations of the particles and a dynamic version of edFMT has been derived for time dependent external fields. 20, 21 Although a version of FMT has been proposed for spherically symmetric soft interactions, 22, 23 it is not as successful as the fundamental measure theories for hard particles. Historically, hard-core interaction potentials have been very useful as the basis for theories that apply to more general atomic and molecular systems. More recently, the realization of hard-particle systems in the form of colloidal suspensions has given the study of anisotropic hard particles a new incentive. Colloids have been synthesized in an impressive number of shapes, 24 many of which have no atomic or molecular analogue. Many of these colloidal shapes are non-convex and a theory predicting the phase behavior of non-convex particles would be of great value. Although convexity of the particleshape is assumed in their derivations and so far only convex shapes have been studied, the recent edFMT 4 and the older version of FMT 19 for anisotropic particles are expected to approximately hold for non-convex particles as well. The primary goal of this paper is to test this expectation by investigating the accuracy of edFMT for non-convex particles.
Dumbbells, that consist of two fused hard spheres, are arguably the simplest non-convex colloids. A reason for investigating this model, apart from its simplicity, is that colloids with the exact shape of the dumbbell can be fairly easily synthesized. In fact, quite a few different synthesis methods have been successfully applied. [25] [26] [27] Colloidal dumbbells have been used to experimentally investigate bulk crystallization, 28 quasi-two-dimensional degenerate crystals 27, 29, 30 and the effects of charge and an external electric field on a bulk crystal. 31 Furthermore, the phase behavior of bulk systems of the dumbbells is well-known from simulations, [32] [33] [34] [35] [36] which is convenient for further studies.
Wall effects and effects of gravity are typically very important in colloidal suspensions, which can be exploited to steer crystallization, for instance by sedimentation onto a substrate. [37] [38] [39] Therefore, it is paramount to investigate the effects of gravity and of the confining walls on colloidal suspensions. Simulation studies on crystallization of spheres, 40, 41 spherocylinders 42 and dumbbells 43 have shown that the phase behavior of the system under gravity can be understood by a mapping onto the bulk phase diagram. Comparisons between the density profiles for fluids in the presence of external fields obtained from DFT calculations and those measured in simulations are often used to validate the theoretical approach. For instance, the FMT for hard spheres has been very successful in describing the density profile near a hard wall 12 and edFMT is equally successful for (convex) spherocylinders. 3, 4 The density profile obtained from an older semi-empirical weighted density approach, specifically tailored to dumbbells, has also shown quite good agreement with simulation results. 44 However, the deviation between the simulations and the semi-empirical DFT for dumbbells 44 is larger than the deviation between results from simulations and edFMT for spherocylinders. 4 In this work, we will compare density profiles of dumbbell fluids in between two walls or under gravity obtained from edFMT to those measured in simulations. We will show that the edFMT performs better than the semi-empirical DFT for dumbbells, but results in somewhat less good agreement with our simulations for the nonconvex dumbbells than for the convex spherocylinders. 4 The paper is organized as follows: First, we will describe the model we use for the dumbbell and define its aspect ratio. Next, the general frame work as derived in Ref. 4 will be summarized. In the following section, we will point out the additional approximation which is made when considering non-convex particles, instead of convex particles. We will also briefly describe the details of the Monte Carlo simulations and define the density and orientational order profiles which we employ. Turning to the results, we will first show the reasonable agreement between edFMT results and simulation data for a dumbbell fluid near a wall when the adjustable parameter ζ in edFMT is set to zero. The merits of using a (semi-empirical) nonzero value for ζ are discussed next. The effect of wall spacing on the density profile of a fluid in confinement is also shown. The effects of applying a gravitational field are briefly discussed and, finally, we present some conclusions.
II. MODEL AND SYSTEM PARAMETERS
We consider a system of hard dumbbells consisting of spheres of diameter σ whose centers are separated by a distance L ≤ σ . Accordingly, L* ≡ L/σ = 0 corresponds to a single sphere, while the dumbbell consists of the touching spheres for L* = 1. In Fig. 1 , the dimensions L and σ of a dumbbell are indicated. Three values for L* = 0.3, 0.6, and 0.9 will be considered in this work; the shape of the corresponding dumbbells varies from basically convex and similar to a spherocylinder for L* = 0.3, to highly non-convex for L* = 0.9. We have briefly investigated a few other values of L* and found no qualitative differences. We will consider sys- tems which are inhomogeneous due to the presence of an external potential resulting either from a gravitational field and a hard bottom wall or from two hard walls. Only densities or chemical potentials below the crystallization transition 36, 43 will be considered, such that the system is fluid-like at all heights. The direction of gravity and the normals to the walls are along the z-direction. When the external potential is only due to two hard walls, the averaged packing fraction η = v db N/(H A) is fixed, where N is the number of particles,
is the volume of a dumbbell, H is the distance between the walls and A is the area of the system perpendicular to the z direction. The chemical potential μ is held fixed when the system is subjected to a gravitational field (η is then zero because the system extends up to infinity in the positive z-direction). The dimensionless chemical potential μ* is defined as μ * = β[μ − log(V/4πσ
3 )], where V is the thermal volume and β = 1/k B T (k B is Boltzmann's constant and T the temperature). The shift − log(V/σ 3 ) removes the terms in the chemical potential that result from the integrals over the translational and angular momenta in the partition sum. The value of the thermal volume has no effect on velocity-independent properties in equilibrium, such as the ones investigated here. The dimensionless strength of the gravitational field is defined as g* = mgσ /k B T, where m is the (buoyant) mass of the dumbbell and g is the gravitational acceleration. The definitions of μ* and g* are such that the density ρ(z) at large height z is given by lim z → ∞ ρ(z)σ 3 = exp (μ* − g*z/σ ), a dimensionless form of the barometric formula.
III. METHODS

A. Theory
Density functional theory is based on the exact result that the density profile can be obtained by minimizing an expression of the form
with respect to the density profile ρ ν (r) itself, where μ ν is the chemical potential of species/orientation ν (μ o = μ ν for all o that denote rotated copies of ν), V ext ν is the external potential experienced by a particle of species/orientation ν at posi-tion r. We will use the notation of Ref. 19 , where ν denotes a specific shape, size, and orientation for brevity. Accordingly, the sum over ν denotes a sum over all species and, for each anisotropic species, an integral over its orientations. We will only consider one-component systems in this work, but write down the general framework of edFMT for the more general case of mixtures of anisotropic particles. The functional F int [ρ] is independent of V ext ν (r), allowing reliable approximations based solely on the bulk phase behavior. We will first describe the extended deconvolution fundamental measure theory (edFMT), 3, 4 for general particle shapes and subsequently apply it to dumbbells.
General framework of fundamental measure theory
The bulk free energy of edFMT is 3, 4 
where id = ν ρ ν log(ρ ν V) − ρ ν and exc = −n 0 log(1 − n 3 ) While the ideal gas part of the free energy density id is a function of the local one-body density ρ(r) at position r, the excess free energy density exc ({n α [ρ](r)}), depends only on the weighted densities
where w (α) ν (r) are the weight functions of species/orientation ν. The set {w (α) (r)} consists of four scalar weight functions,
two vectorial weight functions, and two tensorial weight functions of rank two,
Here, the unit vectorr = r/|r|, R ν (r) is the distance alongr from a conveniently chosen point r (0) ν inside the volume of the particle ν to the surface and n ν (r) is the normal to the surface at R ν (r)r, see Fig. 2(a) . Moreover, , respectively, at the point R ν (r)r on the surface of the body ν, see Fig. 2 . We show that the free energy functional (2) can also be derived from the zero-dimensional limit in Appendix B.
Hansen-Goos and Mecke 3, 4 derived an expansion of the Mayer function f νo (r o − r ν ), which is −1 upon overlap of bodies ν and o and zero otherwise, in terms of ever higher rank tensorial weight functions. The parameter ζ is a renormalization factor introduced by Hansen-Goos and Mecke 3, 4 to correct for the truncation of this expansion of the Mayer function after the term involving rank two tensors. The factor ζ should be independently determined for every particle shape by minimizing the mean squared difference between the exact excluded volume v 
and the edFMT approximation, v
, is obtained in the same way with f νo (r ν − r o ) replaced by the approximated Mayer function f edFMT νo (r ν − r o ), which depends on ζ . The structure of very elongated particles is determined to a large degree by the excluded volume, which justifies its use for determining ζ for the spherocylinders with total-length-overdiameter ratio larger than 3.5 to which edFMT was applied in Refs. 3, 4, 20, and 21. For less elongated particles, the excluded volume is not the only important quantity as the structure is determined by both translational and positional ordering. Therefore, it is somewhat arbitrary to fit ζ by minimizing the difference between the exact and edFMT excluded volumes. Furthermore, other approximations are made than the truncation of the tensor-expansion at first order when edFMT is applied to non-convex particles, as described in the next section. We will show that the most pronounced effects of these additional approximations can not be decreased by choosing an appropriate value for ζ . Therefore, we set ζ to zero unless indicated otherwise. We will show that edFMT still yields reasonable results for inhomogeneous fluids of dumbbells even with ζ = 0.
Effect of the non-convexity
In this subsection, we will explicitly write down the difficulties arising when edFMT is applied to non-convex particles. In the Results section, we will show that edFMT is still a surprisingly good density functional theory, in spite of these difficulties.
A crucial part of the derivation of the free energy (2) in Ref. 4 is to express the Mayer function f νo (r ν − r o ) in terms of the weight functions listed above by a deconvolution. This deconvolution is performed with the aid of the Gauss-Bonnet theorem, 45 which reads
where S is a compact surface, K is the Gaussian curvature and κ g the geodesic curvature along the edge ∂S of surface S. The Euler characteristic χ (S) describes the topology of S; the χ (S) values of the shapes relevant for this work will be mentioned as we encounter them. In the case of two intersecting convex particles, it is easy to show that the intersection B ν ∩ B o is again a convex body, which has an Euler characteristic of two (it is topologically equivalent to the surface of a sphere 
where the last equality holds because ∂B ν ∩ ∂B o consists of one or more loops, with Euler characteristic zero. Consequently, the Gauss-Bonnet theorem, with S = ∂B ν ∩ B o and B ν ∩ ∂B o can be used to write the Mayer function, written as
, in terms of the integrals on the left hand side of (13) . These integrals can be expressed in terms of the weighted density functions of Eqs. (5)- (11) plus terms involving tensors of rank higher than two, see Ref. 4 . Again, these higher rank tensors are ignored in most of Ref. 4 , and in the whole of this work.
The intersection of two non-convex particles is not always a single, convex body. 46 For example, the intersection between two dumbbells can consist of n disjoint convex bodies for n = 1, 2, 3, 4, with χ (∂[B ν ∩ B o ]) = 2n and it can also be a single body with a hole in it, leading to χ
, as is done in edFMT, is an approximation for nonconvex particles. However, this is not a bad approximation as long as the intersection between the particles in most of the possible configurations is a single simply connected body (i.e., without any holes) with Euler characteristic two.
Finally, the deconvolution of the Mayer function in terms of weight functions can be used to derive Eq. (2) using methods developed by Rosenfeld 8 and Tarazona. 6, 10 This procedure is described in sufficient detail in Ref. 4 and we will not repeat this derivation here.
Finally, we note that the definition of surface in terms of the distance R ν (r) from the surface to the reference point r (0) ν along a rayr is ambiguous for some non-convex particles, as some rays may cross the surface of the particle in more than one point. In this case, the weighted densities can no longer be written as the convolution (4), and should be defined as
where B ν is the particle of species/orientation ν, while ∂B ν is its surface, parametrized by s and with surface element d 2 s. Furthermore, the functionw ν removed (w (2) ν (s) = 1). The weighted densities are also written in this form in this work-although this is not necessary for dumbbells-because it leads to simpler expressions for the weight functions.
Application to dumbbells
We will now consider one-component systems of dumbbells. Accordingly, we replace the sum over ν by du, where u is the orientation of a dumbbell, such that the density profile becomes ρ(r, u). For dumbbells, a difficulty arises in evaluating the weight function at the "neck" of the dumbbell, i.e., the intersection circle between the partial spherical shells that the surface of the dumbbell consists of, since the curvature on this circle is ill-defined. To circumvent this problem, we redefine the dumbbell as the limit of a particle with a smooth surface for which the "neck" is replaced by some inner section of a torus, see Fig. 2 (b). After performing this limit, the scalar, vector and tensor weighted densities n α (r) for α = 0, 1, 2 can be expressed as
where S m (u) consist of all s on the unit sphere, such that ms
is the circle where the curvature has a singularity, l parametrizes
is the radius of C(u) and n c (l) is the normal to this circle in the plane perpendicular to u. The functionsw (α) h , that are integrated over one half of the surface of a dumbbell in Eq. (16) , arew
which are just the weight functions of a sphere, while the functionsw
c , that are integrated over the "neck" of the dumbbell, are given bȳ
where L* = L/σ , α 0 = lim b→0 α(b) = arcsin(L/σ ) and I is the 3 × 3 identity matrix. We will restrict ourselves to inhomogeneous fluids in the presence of a one-dimensional external potential V ext (z), for which the density profile only depends on z and the angle θ betweenẑ and the direction vector of a particle, whereẑ is the direction in which the external potential varies. The integrals in (16) reduce to integrals over z and θ
where the modified weight functions v (α) are obtained analytically by splitting the integrals in (16) into slices perpendicular to the z-axis, over which the weight functions can be integrated as the density only depends on z. The density profile is normalized such that A ρ(z, θ)dzdθ = N , where θ runs from 0 to π /2 due to the up-down symmetry of the dumbbells.
The minimization of the grand potential is performed iteratively, using
which is equivalent to the minimization criterion δ /δρ = 0. The functional derivative can be written in terms of convolutions over the weight functions, as described in Ref. 4 .
B. Simulations
We use standard Monte Carlo (MC) simulations in the NVT ensemble 47 for dumbbells between two walls. In the case of nonzero gravity, we fix the chemical potential μ by performing standard 47 particle insertion and deletion moves in addition to the usual MC moves that modify the positions and orientations of the dumbbells. The system has two hard walls separated by a distance H, such that MC moves that result in z i, τ < R = σ /2 or z i, τ > H − R are rejected for any sphere τ of any dumbbell i, where z i, τ denotes the z-component of the center of the sphere. We employ periodic boundary conditions in the lateral directions in our simulations. We required around 10 7 MC cycles to obtain enough statistics, preceded by a slightly shorter equilibration, where a cycle consisted of N MC moves. The number of particles in our simulations varied, but was always of the order of a thousand particles, which is sufficient to avoid finite size effects in a fluid phase. Finally, the bulk equation of state of the fluid was measured using NPT Monte Carlo simulations 47 without hard walls and with periodic boundary conditions in all three directions.
C. Density and orientational order parameter profiles
From edFMT, the density profile ρ(z, θ ) as a function of z and θ is obtained. In principle, this profile can also be measured in Monte Carlo simulations, but as this is a function of two variables, plotting the results from Monte Carlo and edFMT in the same figure is difficult. Instead, we will make use of the center-of-mass density profile, that is only a function of z,
where the first line denotes the method by which η com is measured in the simulations and the second the way of obtaining it from the η(z, θ) ≡ v db ρ(z, θ) obtained from edFMT.
The zz component of the nematic order tensor can also be obtained similarly:
This parameter Q zz (z) measures the alignment of the particles along the z axis at height z. The orientational order parameter Q zz (z) = −1/2 when the orientations of all particles at height z lie in the x − y plane, while Q zz (z) = 1 implies perfect alignment with the z-axis for all particles at height z.
IV. RESULTS AND DISCUSSION
A. Fluid equation of state
The edFMT equation of state (EOS) for the homogeneous fluid can be obtained from the free energy (2) for a density profile with η(r, u) ≡ v db ρ(r, u) = η/4π . For such a constant density profile, the weighted densities can easily be calculated analytically,
while all other weighted densities are zero. Note in particular, that the term proportional to ζ in the free energy (3) is equal to zero, since the ↔ n 1 tensor vanishes. Using these weighted densities, the edFMT equation of state reads
where α = m 1 m 2 /m 3 and α = m is equal to the mean half width of the particle 50, 51 for convex particles. For non-convex particles, the mean half width of a particle is not equal to m 1 = n 1 /ρ = K/(4π )dA in general. For instance for a dumbbell, the mean half width is equal to R + L/4, the mean half width of a spherocylinder with the same aspect ratio, instead of n 1 /ρ, see Eq. (35). Rosenfeld 49 derived a fundamental measure equation of state from a scaled particle (SP) approach combined with a diagrammatic PercusYevick-like theory (PY). This work was performed before Rosenfeld developed the density functional theory version of FMT. Hansen-Goos and Mecke's edFMT is consistent with the SP-PY approach in the sense that for convex particles the same equation of state is obtained. The generalization to nonconvex particles can be performed, for the isotropic fluid, either by using the edFMT result from Eq. (35) for the characteristic length, as we have done, or the mean half width, which was Rosenfeld's choice. Furthermore, Rosenfeld also combined his scaled particle theory with the emperical modification to the hard sphere EOS by Carnahan and Starling, resulting in a EOS (SP-CS) that differs from Eq. data, it also fits our simulation results perfectly. The agreement between both the SP-CS and edFMT equations of state and the MC results is good for the smaller aspect ratios, especially at low densities. Being an extension of the CarnahanStarling equation of state, the SP-CS gives a better fit to the simulation results as the edFMT EOS for high densities and low aspect ratios. For the largest aspect ratio L* = 0.9, the edFMT EOS agrees less well with the MC results, and the agreement with the SP-CS is also not as good as for the lower aspect ratios. For completeness, we note that Nezbeda 52 also obtained an equation of state for dumbbells using a scaled particle approach, but we do not show this EOS in Fig. 3 as it performs worse than the other equations of state.
We have determined that the FMT EOS overestimates the simulation results at low densities primarily because it overestimates the second virial coefficient, which is equal to α + 1. We could have added a strictly negative additional term −(α /3) η 3 /(1 − η) 3 to the edFMT equation of state to obtain a Carnahan-Starling version of FMT. The resulting EOS (not shown) fits the simulation data considerably better than the SP-CS EOS for η 0.3, especially for L* = 0.6. However, the SP-CS second virial coefficient is much closer to the exact virial coefficient than the edFMT virial coefficient (that is not modified by the additional term). Apparently, the overestimation of the second virial coefficient by edFMT is canceled by the additional −(α /3) η 3 /(1 − η) 3 term. However, it seems unlikely that the overestimation of the second virial coefficient, which increases with the non-convexity of the particles, will be canceled by the −(α /3) η 3 /(1 − η) 3 for other particle shapes than dumbbells. Because we wish to conclude something about general non-convex shapes, we only consider the original edFMT in this work to avoid this (most likely) fortuitous cancellation for dumbbells. However, adjusting edFMT to yield a Carnahan-Starling-like EOS for the isotropic fluid along the lines of Refs. 12 and 53 for anistropic particles and applying it to isotropic and homogeneous fluids of a number of non-convex shapes is certainly an interesting topic for future work.
B. Hard walls
The structure of a fluid confined between two hard walls has been investigated by means of simulations and edFMT. The resulting center-of-mass density profiles are shown in Fig. 4 for three different packing fractions η and three different aspect ratios L/σ . We have used ζ = 0 for the edFMT results. At the lowest packing fraction, the main effect of the elongation of the particles is an entropy reduction when particles are close to the wall due to a decrease in the available orientations. This effect pushes the particles away from the wall, while the presence of the other particles pushes the particles towards the wall. This competition causes the first peak to be located slightly away from z = σ /2, which is the position of the first peak for hard spheres near a hard wall. As the density increases more peaks in the density profile appear, indicative of layering. For the larger aspect ratios L/σ = 0.6 and 0.9 and at the highest packing fraction η = 0.5, the density profile shows an intricate structure as the layering of the spheres of which the dumbbells consist competes with the layering of the center of mass. 43 This causes a splitting of the first peak near the wall, where the two resulting peaks can be ascribed to the primarily horizontal (z σ /2) and vertical (z [σ + L]/2) orientations. When comparing the profiles for η = 0.5 and varying L, we note that the layering seems to extend the furthest from the walls for the shortest dumbbells with L* = 0.3. Apparently, the randomness induced by the orientations of the more elongated dumbbells disrupts the layers.
All peaks observed in the profiles obtained from the simulations are reproduced in the FMT results and for all but the highest density, near the wall, the agreement between the two profiles is excellent. Note, that the highest density η = 0.5 is considerably higher than the densities investigated by Hansen-Goos and Mecke 3, 4 for hard spherocylinders, 0.346 at most. Therefore, we cannot be certain that the deviations from the MC results are due to the non-convex nature of the dumbbell, as the theory has not been tested for inhomogeneous systems of convex particles at such high densities.
When we compare our results for the center-of-mass profile with the results obtained by Henderson et al. 44 (not shown), we see that both DFTs give a reasonable qualitative agreement for all aspect ratios and densities considered, although it seems that the characteristic splitting of the first peak is absent in the theory of Ref. 44 for the larger aspect ratios. Quantitatively, edFMT also seems to perform a bit better than the older DFT. 44 
C. Nonzero ζ
The edFMT density profiles near a hard wall showed excellent agreement with MC results for spherocylinders with L/D = 2.5 and 5, where L is the cylinder length and D the cylinder diameter. 4 The density profiles for the dumbbells from edFMT for ζ = 0 do not show quite as good an agreement with the MC results, see Fig. 5 , as in Ref. 4 , where the relative deviation was less than 2% for all z > (L + σ )/2 at η = 0.346. Our results for higher packing fraction η = 0.5 have an order of magnitude higher deviation, see Fig. 5 . However, the large peak in the relative deviation around z = 1.2σ is mainly caused by the small value of the density profile at that position; the absolute value of the deviation at z 1.2σ is not much larger than the deviation at other z positions. As mentioned in Sec. III A 1, the approach for obtaining a nonzero value for ζ proposed by Hansen-Goos and Mecke 4 is to fit the exact excluded volume with the edFMT result. The edFMT excluded volume in the isotropic dumbbell fluid reads
where m 1 and m 2 were defined in Sec. IV A and γ , the angle between the two dumbbells replaces the indices ν and o in the definition (12) . Furthermore, the factorm is given bȳ The exact excluded volume is somewhat involved and is written down in appendix A. One can see from the edFMT excluded volume (40) why fitting the edFMT excluded volume to the exact v exc leads to unphysical values by considering the limit L → σ . The exact excluded volume is an increasing function of γ for all nonzero L, while the monotonic increase of Eq. (40) with increasing γ is due to the ( Nevertheless, we can still attempt to minimize the difference between the edFMT and FMT results for the density profile by varying ζ . In Fig. 5 , we plot the relative deviation of the edFMT density profile from the results of the MC simulations for L* = 0.6, η = 0.346 and 0.5 and varying ζ = 0, 5 4 and 2.508. The latter value for ζ was obtained by minimizing the difference between Eq. (40) and the exact v exc . For any non-convex shape we can define ζ CE as the value for ζ that minimizes the difference between the exact and edFMT excluded volumes for its convex envelope (CE). This value ζ CE = 5/4 turns out to be the value that gives the smallest deviation for dumbbells, where the convex envelope of a dumbbell is a spherocylinder. However, the result for ζ = 1 (not shown) is nearly indistinguishable from the result for ζ = 5/4. It would be interesting to consider other non-convex shapes to investigate the conjecture that ζ CE is the optimal value for ζ for any non-convex particle.
The largest relative deviation in the density profile around z = 1.2σ does not seem to be improved much by changing ζ . Furthermore, considerably less overall improvement could be achieved by choosing a nonzero ζ for L* = 0.3 and 0.9 than for L* = 0.6, although ζ = 5/4 at least did not deteriorate the results significantly. The ↔ n 1 tensor does not have to be calculated if ζ is zero. Considering the limited improvement achieved by a non-zero ζ , we do not think that choosing a non-zero ζ is worth the extra effort of calculating ↔ n 1 for inhomogeneous fluids of dumbbells. Therefore, we use ζ = 0 in the remainder of this paper.
D. Confinement
The effect of the wall spacing H has been studied in edFMT by systematically varying H/σ between 1.025 and 4.975 with steps of 0.05. Furthermore, the edFMT results are compared to the MC results for a few of the smaller spacings, H/σ =1.6, 2 and 2.6, where the effects of the confinement are the largest and, therefore, the theory and the simulations are expected to differ the most. The agreement between results from MC and edFMT is surprisingly good, as shown in Fig. 6(a) , which agrees with the observations in the previous section for this aspect ratio L* = 0.6 and packing fraction η = 0.3. The good agreement allows us to study the dependence of the structure on H in greater detail using only the theory in Fig. 6(b) . It can be seen that the positions of the peaks in the density profile are complicated functions of the height H.
For H ∼ σ , a single peak appears trivially and the particles have to be parallel to the wall. As H increases, the peak broadens at first, as the particles start to sample more orientations, see Fig. 6(c) . However, the peak narrows again when H ∼ σ + L. Simultaneously, the particles align with the z-axis. For yet larger H, the middle peak splits, and seems to be periodically appearing, splitting and disappearing as a function of H. The orientations of the particles also seem to oscillate between the vertical and the horizontal. The periods of the oscillations in both the density and the orientational order are both about σ , which indicates that the oscillatory behavior is related to the spheres that constitute the dumbbells.
E. Gravity
In Fig. 7 , we compare results from grand canonical Monte Carlo simulations with edFMT for dumbbells under gravity. To our knowledge, this is the first time density functional theory is applied to this system. We show only the results for g* = 2, μ* = 20, and L* = 0.6, as the density profiles for different gravitational force, chemical potential and L are similar, except for the behavior at the wall. Furthermore, the behavior at the wall is similar to the results obtained in the absence of gravity in the sections above, compare Fig. 4(b) for η = 0.5 with Fig. 7 . The bulk density corresponding to μ* = 20 is η = 0.491 for FMT and the MC bulk packing fraction, which differs from the FMT packing fraction due to the differences between the bulk equations of state, is 0.500. The difference of about 0.01 between the volume fractions causes a small additional error in the edFMT density profile under gravity compared to the results with two hard walls, where the average packing fraction was used as input parameter. However, this effect seems to be small, which can be seen by comparing the deviation between the MC data and the theory in the absence of gravity, shown in Fig. 4(b) Fig. 7 .
V. CONCLUSIONS
We have applied the edFMT density functional theory, recently developed for anisotropic hard particles by HansenGoos and Mecke, 3, 4 to inhomogeneous fluids of hard dumbbells in a slit and under gravity. The edFMT theory features a free parameter ζ , which has to be nonzero for very elongated particles to allow for a stable nematic phase. Adjusting the free parameter ζ in edFMT by fitting the edFMT excluded volume to the exact excluded volume has been shown to lead to values for ζ that are unrealistically large, presumably because the full theory is not valid for non-convex particles, such as dumbbells. Fortunately, the theory with ζ = 0 gives excellent results when comparing with Monte Carlo simulations for packing fractions similar to those studied before. 4 The agreement is somewhat worse than that obtained for spherocylinders in Ref. 4 , but it is better than the results obtained for dumbbells in a slit with a previous density functional theory study of hard dumbbells near a hard wall. 44 At very large packing fraction, η = 0.5, the theory still predicts the positions of the various peaks well, but does not always predict the correct height for the peaks. We investigated the possibility of choosing a nonzero value for ζ , and obtained some improvement compared to ζ = 0. However, a nonzero value for ζ leads to additional effort in evaluating the free energy functional, which does not seem justified considering the limited effect for inhomogeneous fluids of particles which are not very elongated, like dumbbells. For particles with more extreme aspect ratios, we propose to set ζ equal to the value of ζ which is optimal for the convex envelope of the particle. Also, a nonzero ζ might be required to accurately model crystals of anisotropic particles, which is beyond the scope of this work. Finally, the density profile was shown to depend on the separation between the two walls (in the absence of gravity) in a non-trivial manner. Surprisingly, two walls with a separation just above L + σ induce the dumbbells to align perpendicular to the walls, while a single hard wall always causes alignment parallel with the wall for any rod-like particle.
The FMT-density functional for hard dumbbells, which was constructed and explored in this paper, can serve as a starting point for further studies. These future topics should include the full bulk freezing diagram including plastic and full crystalline phases of hard dumbbells. The functional itself might be improved by adjusting it such that it yields the excellent Carnahan-Starling equation for the homogeneous fluid in the hard-sphere limit. 12, 53 For an additional attractive interaction which possibly lead to gas-liquid phase separation, our functional can be used as a reference system the attractions being treatable within a mean-field perturbation theory. [54] [55] [56] Furthermore, a dipolar interaction force 57 can be added on top of the dumbbell and can again be treated in DFT by a mean-field theory. 58 Moreover, Brownian dynamics (both translational and orientational) 59 can be explored by dynamical density functional theory where a good static functional is needed as an input.
20, 21, 60 Finally other particle shapes, such as platelets, 61 cubes, 62 tetrahedra, 63 or helical particles 64 can be described using FMT-like functionals. This finally leads to a full microscopic theory of the phase behavior of anisometric particles. Finally, it is important to note that a general theory which connects the shape of particles to their phase behavior is important to predict new meso-structures with novel optical, rheological and electric and magnetic properties. For example, open diamond crystals are ideal candidates for photonic crystals 65 and one might tailor optical band-gap materials by selecting colloidal particles with a certain shape 66, 67 which favor open crystalline phases. Conversely, one could force existing anisotropic particles to crystallize into high-symmetry crystal structures such as BCC and FCC using external fields, which may lead to a high-quality photonic crystal for specific anisotropic particles. The excellent calculated photonic properties for oriented dumbbells on FCC (Refs. 68 and 69) and BCC (Ref. 69) lattices are quite promising in that respect.
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APPENDIX A: THE EXCLUDED VOLUME OF HARD DUMBBELLS
The second virial coefficient, one half times the integral of the excluded volume over the angle between the dumbbells, has been calculated by Isihara. 70 The only modification in our calculation of the excluded volume is to not integrate over this angle. This leads to a rather complicated looking excluded volume,
where r 0 = L/[2cos (γ /2)], z 0 = σ 2 − r 2 0 and v lens denotes the volume of the lens shaped intersection between two spheres of diameter σ at a distance d,
Furthermore, I(r, d) denotes an integral, which can be calculated analytically using the results of Ref. 70 . After some simplification, the result is
where
APPENDIX B: ZERO DIMENSIONAL CAVITIES
The fundamental measure theory for hard spheres by Tarazona 10 was derived from the condition that the theory gives the correct result for the inhomogeneous densities that result in confining particles in a collection of zerodimensional cavities, each of which is just large enough to hold a single particle. We will extend his derivation to anisotropic hard particles. To be exact, we will consider the external potential
where a particle is tightly enclosed by cavity k if its position is r k and its combined species and orientation is ν(k) and δ ν, o is a generalization of the Kronecker delta, such that ν f ν δ ν, o = f o with ν a combination of a sum over the species and integrals over the orientations as discussed in Sec. III A. The resulting inhomogeneous density profile consists of a sum of delta functions
In the case of overlapping cavities, N ≡ k N k ≤ 1 and the exact excess free energy is known to be
To completely determine the functional we will need to consider three overlapping cavities, but in the spirit of Ref. 10, we will start with one cavity and add cavities one-by-one.
A single cavity
For a single cavity, the generalization of the free energy functional of hard spheres 9 is
The integral over r can be performed analytically, resulting in
where B i is the body with the orientation, position and species such that it just fits inside cavity i and ∂B i is its surface. This can be shown to be equal to ϕ 0 (N) for convex particles with the use of the Gauss-Bonnet theorem, which we will write in a slightly more general form here (cf. Eq. (13)),
where S is a surface of any body bounded by an oriented curve ∂S consisting of M smooth sections ∂S k , while the curve turns by n at the intersection between sections ∂S n − 1 and ∂S n (and ∂S 0 ≡ ∂S M ). Furthermore, K is the Gaussian curvature and κ g is the geodesic curvature on the smooth sections of ∂S. If we take for S the surface ∂B 1 , the free energy F 1 reduces to ϕ 0 (N)χ (∂B 1 )/2 (∂B 1 has no boundary). All convex shapes and many non-convex shapes B satisfy χ (∂B) = 2, notable exceptions being tori and other handle bodies that have χ (∂B) = 2(1 − n), with n the number of handles. With these exceptions, F 1 reduces to the correct free energy for a single zero-dimensional cavity. Furthermore, F 1 can be written in terms of the weighted densities n 0 and n 3 , 4 which allows it to be evaluated efficiently for any density profile ρ ν (r). In the remainder of this section, we will restrict the discussion to shapes topologically equivalent to a sphere, that is, those shapes that have χ (∂B 1 ) = 2.
Two cavities
For two cavities, F 1 does not give the correct zero dimensional free energy ϕ 0 (N) if B 1 overlaps with B 2 . In fact, the free energy F 1 becomes
where we have defined
. The Gauss-Bonnet theorem can be applied to rewrite the difference between F 1 and the exact free energy ϕ 0 (N), where we use for S the surface ∂B i ∩ B j , i.e. the part of the surface of i that is inside j. The boundary of this surface, ∂B i ∩ ∂B j , is smooth (i.e. M = 1). Applying the GaussBonnet theorem in this way, the difference between the exact free energy ϕ 0 (N) and F 1 becomes
For convex particles, it has been shown that
in Sec. III A 2. Therefore, the last two terms in the square brackets cancel for convex particles in Eq. (B8). Using the explicit expression for the geodesic curvature from Ref. 4 , the remaining term can be written as
where the "kernel" K
ν,o is given by
and it is to be understood that the quantities with subscript τ = ν, o depend on the directionr τ . The kernel K (1) ν,o can be simplified by approximating 1/(1 − n ν · n o ) ζ with ζ an adjustable constant. After this approximate simplification, the free energy difference ϕ 0 (N ) − F 1 can be written in terms of weighted densities. 4 Now, we can trivially correct the free energy functional F 1 by adding a second term F 2 ≡ ϕ 0 (N ) − F 1 which can be evaluated with similar ease as the first term F 1 for a general density profile ρ ν (r). For a single cavity, F 2 is zero (also after the approximation), as all normals are equal and v I 1 and v II 1 are perpendicular to n 1 .
Three cavities
The calculation for three delta functions is a bit involved. The free energy becomes
where {ij} denotes all pairs (1, 2), (2, 3), and (3, 1), while {jkl} denotes all triplets (1, 2, 3), (2, 3, 1), and (3, 1, 2). Additionally, we defined
is obtained by applying the Gauss-Bonnet theorem (B6) in a similar way as above with S = ∂B i ∩ B j and subsequently using the equality
o , which holds on the intersection between the surfaces of ν and o. The last term in Eq. (B11) can also be simplified using the Gauss-Bonnet theorem (B6) with which is similar to the Euler characteristic of a polyhedron: 
Inserting this expression and Eq. (B12) in the expression (B11) for F 1 + F 2 and rearranging the sums over pairs {jkl} to run over vertices v instead, we obtain
where v is a vertex and m runs over the three surfaces intersecting at v. The angle is the amount by which the three angles fail to add up to 2π
(which would be zero if surfaces m, I and II were co-planar). Analogous to the two-shell problem, the free energy can be corrected by adding a third term to the free energy involving three weight functions, 
The sum of the three free energy terms F 1 + F 2 + F 3 is approximately equal to the correct free energy ϕ 0 (N) for convex particles which have
Note, that the kernel K (2) vanishes when any two of n ν , n o or n are equal and, therefore, the free energy F 3 vanishes in the cases of one and two delta peaks. As F 1 + F 2 already give the approximately correct result for one and two delta peaks, this means that the sum F 1 + F 2 + F 3 also gives the correct result in this case.
The kernel K (2) can not be written in terms weighted densities, because of the arccos and the | · |. Therefore, we expand K (2) in powers of n i · n j up to terms of order (n i · n j ) 3 . However, we must make sure that we do not lose the property that F 3 = 0 for one or two delta peaks. This means we have to neglect some of the terms in the expansion which do not vanish in this case. The final result for the approximated kernel is
where the constants ζ 1 = (24π ) −1 and ζ 2 = (π/2 − 1)ζ 1 are introduced. For hard spheres, a similar expression, but with different constants ζ k , was derived by demanding that the direct correlation function and the equation of state of the isotropic and homogeneous fluid were equal to the PercusYevick results. Note, that we did not have to consider the direct correlation function of the fluid here, but rather derived the form of the functional completely from the zerodimensional limit. However, as noted by Roth, 71 the zerodimensional limit can lead to a functional which does not give very good results for the fluid. In this case, we have to renormalize both terms in the kernel K (2) to obtain the Percus-Yevick equation of state and the corresponding direct correlation function of the fluid in the hard sphere limit. The corresponding values for ζ k are ζ 1 = 1/(16π ) and ζ 2 = −ζ 1 . With these values for ζ k , the functional F 1 + F 2 + F 3 reduces to the edFMT functional (2) of Hansen-Goos and Mecke. 3 The resulting equation of state of the fluid is equal to the fundamental measure version of the scaled particle equation of state, 49 which shows good agreement with the results from simulations. It remains to be seen if the direct correlation function corresponding to the kernel obtained from the hard sphere limit also reduces to the fundamental-measure scaledparticle result. 49 In this appendix, we have shown that the edFMT functional gives an approximately correct free energy for collections of cavities containing convex particles. For non-convex particles, the additional approximations χ (∂[B i ∩ B j ]) 2 and χ (∂[B i ∩ B j ∩ B k ]) 2 have to be made, which are not bad approximations as long as there are relatively few configurations for which the Euler characteristics differ from 2.
